Newton equation for canonical, Lie-algebraic and quadratic deformation
  of classical space by Daszkiewicz, Marcin & Walczyk, Cezary J.
ar
X
iv
:0
80
2.
35
75
v4
  [
ma
th-
ph
]  
27
 Ja
n 2
00
9
Newton equation for canonical, Lie-algebraic and
quadratic deformation of classical space
Marcin Daszkiewicz1, Cezary J. Walczyk2
1Institute of Theoretical Physics
University of Wroclaw pl. Maxa Borna 9, 50− 206 Wroclaw, Poland
e−mail : marcin@ift.uni.wroc.pl
2Department of Physics
University of Bialystok, ul. Lipowa 41, 15− 424 Bialystok, Poland
e−mail : c.walczyk@alpha.uwb.edu.pl
Abstract
The Newton equation describing the particle motion in constant external field
force on canonical, Lie-algebraic and quadratic space-time is investigated. We show
that for canonical deformation of space-time the dynamical effects are absent, while
in the case of Lie-algebraic noncommutativity, when spatial coordinates commute
to the time variable, the additional acceleration of particle is generated. We also
indicate, that in the case of spatial coordinates commuting in Lie-algebraic way,
as well as for quadratic deformation, there appear additional velocity and position-
dependent forces.
1
1 Introduction
Due to several theoretical arguments (see e.g. [1]-[4]) the interest in studying of space-
time noncommutativity is growing rapidly. There appeared a lot of papers dealing with
noncommutative classical ([5]-[14]) and quantum ([15]-[22]) mechanics, as well as with
field theoretical models (see e.g. [23]-[33]), defined on quantum space-time.
At present, in accordance with the Hopf-algebraic classification of all deformations of
relativistic and nonrelativistic symmetries [34], [35], one can distinguish three kinds of
space-time noncommutativity:
1) Canonical (soft) deformation
[ xµ, xν ] = iθµν , (1)
with tensor θµν being constant and antisymmetric (θµν = −θνµ). The explicit form of
corresponding Poincare Hopf algebra has been provided in [36], while its nonrelativistic
counterpart has been proposed in [37].
2) Lie-algebraic case
[ xµ, xν ] = iθ
ρ
µνxρ , (2)
with particularly chosen constant coefficients θρµν . This kind of space-time modification
is represented by κ-Poincare [38], [39] and κ-Galilei [40] Hopf algebras. Besides, the
Lie-algebraic twist deformations of relativistic and nonrelativistic symmetries have been
provided in [41], [42] and [37]1.
3) Quadratic deformation
[ xµ, xν ] = iθ
ρτ
µνxρxτ , (3)
with constant coefficients θρτµν . Its Hopf-algebraic realization was proposed in [41], [44] in
the case of relativistic symmetry, and in [45], for its nonrelativistic counterpart.
In this article we investigate the impact of the mentioned above nonrelativistic defor-
mations (with commuting time direction)2 on dynamics of simplest classical system - the
nonrelativistic particle moving in a field of constant force. We indicate that in the case of
soft deformation the Newton equation is not modified, while for the Lie-algebraic noncom-
mutativity we recover two interesting dynamical effects. First of them corresponds to the
case, when commutator of two spatial directions closes to time coordinate, and then, such
a kind of noncommutativity additionally produces the acceleration of moving particle. For
the second type of Lie-algebraic deformation, when the commutator of spatial directions
closes to space coordinates, there are generated velocity and position-dependent forces,
i.e. forces, which depend on velocity (x˙) and position (x) of moving particle, respectively3.
1There also exist so-called fuzzy space noncommutativity [43]. However, in this article such a type of
deformation will be not under consideration.
2We consider only spatial deformations, i.e. time plays a role of parameter.
3 In the case of ”position force” one can recognize well-known inverted oscillator force (see e.g. [46]).
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In the case of quadratic deformation the situation appears most complicated. Similarly
to the Lie-algebraic case, this type of noncommutativity generates new velocity as well as
position-dependent forces, but this time, with an explicit time-dependence. In this paper
the analytic form of the corresponding solutions is presented and analyzed in detail.
The paper is organized as follows. In first Section we review some known facts con-
cerning the classical mechanics on canonically deformed quantum space (see e.g [5]). We
indicate that in such a case the Newton equation for particle moving in a constant force
remains unchanged. In Section 2 we analyze two cases of Lie-algebraic deformations, and
we provide the corresponding phase spaces as well as we solve suitable Newton equations.
Section 3 deals with the quadratic deformation of classical space. The corresponding New-
ton equation is provided and its solution is studied as well. The results are summarized
and discussed in the last Section.
2 Canonical noncommutativity
Let us start with a set of variables ζa with a = 1, 2, . . . , 2n. For arbitrary two functions
F (ζa) and G(ζa) we define Poisson bracket as follows ([47]; for application to noncommu-
tative space-time see [9])
{F,G } = { ζa, ζb }
∂F
∂ζa
∂G
∂ζb
. (4)
In terms of the above structure and given Hamiltonian H = H(ζa) one can write the
equations of motion as
ζ˙a = { ζa, H } . (5)
In general case (for any function F depending on ζa) we have
F˙ = {F,H } . (6)
Below, we will consider the phase space given by ζa = (xi, pi) with i = 1, 2, 3.
Let us start with canonical type of noncommutativity
{ xi, xj } = θij , (7)
supplemented by
{ pi, pj } = 0 , { xi, pj } = δij . (8)
The relations (7) and (8) define the symplectic structure for the soft deformation of
classical (commutative) space, which was studied in [5]-[7].
In accordance with (5) for the Hamiltonian
H(~p, ~x) =
~p 2
2m
+ V (~x) , (9)
we get the following equations of motion
x˙i = θik
∂V
∂xk
+
pi
m
, p˙i = −
∂V
∂xi
. (10)
3
They lead to the corresponding Newton equation (see e.g. [5])
mx¨i = mθik
d
dt
(
∂V
∂xk
)
−
∂V
∂xi
= mθik
∂2V
∂xk∂xl
x˙l −
∂V
∂xi
, (11)
which for potential4
V (~x) = −
3∑
i=1
Fixi ,
∂V
∂xk
= −Fk = const. , (12)
remains not deformed
mx¨i = −
∂V
∂xi
= Fi . (13)
Hence, we see that the canonical space-time deformation (7) does not provide any dy-
namical effects for particle moving in the potential (12) corresponding to constant force.
3 Lie-algebraic noncommutativity
3.1 Space coordinates commuting to time
Let us consider the Lie-algebraic deformation of space with two spatial directions com-
muting to time in the following way
{ xi, xj } =
1
κ
t(δiρδjτ − δiτδjρ) , (14)
where κ is the mass-like deformation parameter; indices ρ, τ are different and fixed. As
it was already mentioned, such a type of noncommutativity has been recovered in a Hopf
algebraic framework in [35], [37] with use of the contraction procedure [48], [49]. Its
relativistic counterpart has been proposed in [41].
The commutation relations (14) can be extended (in accordance with Jacobi identity) to
the whole phase space as follows
{ pi, pj } = 0 , { xi, pj } = δij . (15)
In such a case the Hamilton equations (5) take the form
x˙i = t(δiρδkτ − δiτδkρ)
1
κ
∂V
∂xk
+
pi
m
, p˙i = −
∂V
∂xi
, (16)
while the corresponding Newton equation looks as follows
mx¨i = t(δiρδkτ − δiτδkρ)
m
κ
d
dt
(
∂V
∂xk
)
+ (δiρδkτ − δiτδkρ)
m
κ
∂V
∂xk
−
∂V
∂xi
. (17)
4In the case of quantum space the differential calculus is highly-nontrivial (see e.g. [50], [51]). Fortu-
nately, for such a simple linear function like the potential (12) (there is no products of spatial variables)
the result of differentiation is classical.
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For the simplest potential (12) we have5

mx¨i = Fi
mx¨ρ = −
m
κ
Fτ + Fρ
mx¨τ =
m
κ
Fρ + Fτ ,
(18)
with index i different from ρ and τ .
By trivial integration one can find the following solution of the above system
xi(t) =
Fi
2m
t2 + vi0t+ xi0 , xτ (t) =
(m
κ
Fρ + Fτ )
2m
t2 + vτ0t + xτ0 , (19)
xρ(t) =
(−m
κ
Fτ + Fρ)
2m
t2 + vρ0t + xρ0 , (20)
where xa0 and va0 (a = k, l) denote initial positions and velocities, respectively.
We see, that the noncommutativity (14) generates additional acceleration of particle
in fixed directions ρ and τ . In direction i the motion of particle remains undeformed. Of
course, for κ →∞, the above solutions become classical and describe particle moving in
external constant force ~F = [Fi, Fτ , Fρ ].
3.2 Space coordinates commuting to space
Let us now turn to the case when two spatial directions commute to the spatial ones6
{ xk, xγ } =
1
κˆ
xl , { xl, xγ } = −
1
κˆ
xk , { xk, xl } = 0 , (21)
and where indices k, l, γ are different and fixed. Such a type of noncommutativity has
been proposed in the case of nonrelativistic symmetry in [35] as the translation sector
of classical Poisson-Lie structure, and in [37], as the Hopf module of quantum Galilei
algebra. Its relativistic counterpart has been obtained in [41].
The corresponding phase space is given by the Poisson brackets (21) augmented by
{ pk, xγ } =
1
κˆ
pl , { pl, xγ } = −
1
κˆ
pk , { xi, pj } = δij ,
5Due to the fact, that in the equation (18) there is no product of two spatial (noncommutative)
positions and velocities, the considering equation is represented on commutative space by the formula
(18) as well. In other words, we can pass with Newton equation (18) to the undeformed space without
using any star product [37] (a Weyl map [52]). The same situation appears as well in the case of others
considered deformations.
6[ κˆ ] = N · s.
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{ xγ, pγ } = 1 , { pa, pb } = 0 ,
where indices i, j are different from γ and a, b = 1, 2, 3.
Using the formula (5) one can find the following equations of motion
x˙k =
pk
m
+ xl
1
κˆ
∂V
∂xγ
, p˙k = pl
1
κˆ
∂V
∂xγ
−
∂V
∂xk
, (22)
x˙l =
pl
m
− xk
1
κˆ
∂V
∂xγ
, p˙l = −
∂V
∂xl
− pk
1
κˆ
∂V
∂xγ
, (23)
in k, l-directions, and
x˙γ =
pγ
m
− xl
1
κˆ
∂V
∂xk
+ xk
1
κˆ
∂V
∂xl
, (24)
p˙γ = −
∂V
∂xγ
, (25)
in γ-direction.
The corresponding Newton equations can be find with use of (22)-(25)
mx¨k = −
∂V
∂xk
+ xl
m
κˆ
d
dt
(
∂V
∂xγ
)
+ x˙l
2m
κˆ
∂V
∂xγ
+
+mxk
(
1
κˆ
)2(
∂V
∂xγ
)2
, (26)
mx¨l = −
∂V
∂xl
− xk
m
κˆ
d
dt
(
∂V
∂xγ
)
− x˙k
2m
κˆ
∂V
∂xγ
+
+mxl
(
1
κˆ
)2(
∂V
∂xγ
)2
, (27)
mx¨γ = −
∂V
∂xγ
− xl
m
κˆ
d
dt
(
∂V
∂xk
)
− x˙l
m
κˆ
∂V
∂xk
+
+ xk
m
κˆ
d
dt
(
∂V
∂xl
)
+ x˙k
m
κˆ
∂V
∂xl
, (28)
and for the potential (12) they look as follows
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

mx¨k = Fk −
2m
κˆ
Fγ x˙l +m
(
Fγ
κˆ
)2
xk
mx¨l = Fl +
2m
κˆ
Fγ x˙k +m
(
Fγ
κˆ
)2
xl
mx¨γ = Fγ +
m
κˆ
Fkx˙l −
m
κˆ
Flx˙k .
(29)
We see, that this kind of space-time deformation generates velocity (F ∼ x˙) and
position-dependent (F ∼ x) forces corresponding to both directions k and l. As it was
mentioned in Introduction (see footnote 3), in the position dependent force we recognize
well-known inverted oscillator force [46]. Besides, by direct calculations one can also check
that the solution of above system is given by formulae
xk(t) = −
Fkκˆ
2
F 2γm
+
[
t
(
Flκˆ
Fγm
+ vk0 +
Fγxl0
κˆ
)
+ xk0 +
Fkκˆ
2
F 2γm
]
· cos
(
Fγt
κˆ
)
+
−
[
t
(
Fkκˆ
Fγm
− vl0 +
Fγxk0
κˆ
)
− xl0 +
Flκˆ
2
F 2γm
]
· sin
(
Fγt
κˆ
)
, (30)
xl(t) = −
Flκˆ
2
F 2γm
+
[
t
(
−
Fkκˆ
Fγm
+ vl0 −
Fγxk0
κˆ
)
+ xl0 +
Flκˆ
2
F 2γm
]
· cos
(
Fγt
κˆ
)
+
+
[
t
(
Flκˆ
Fγm
+ vk0 +
Fγxl0
κˆ
)
+ xk0 +
Fkκˆ
2
F 2γm
]
· sin
(
Fγt
κˆ
)
, (31)
xγ(t) =
Fγ
2m
t2 + v0γt+ x0γ + t
1
κˆ
(Flxk0 − Fkxl0) +
+
1
Fγ
[
1
Fγ
(
2F 2k κˆ
2
Fγm
+
2F 2l κˆ
2
Fγm
+ Flκˆvk0 − Fkκˆvl0
)
+ 2Fkxk0 + 2Flxl0
]
+
+
[
t
(
1
Fγ
(
F 2k κˆ
Fγm
+
F 2l κˆ
Fγm
+ Flvk0 − Fkvl0
)
+
Fkxk0
κˆ
+
Flxl0
κˆ
)
−
Fkκˆvk0
F 2γ
+
−
Flκˆvl0
F 2γ
+
2
Fγ
(Flxk0 − Fkxl0)
]
· sin
(
Fγt
κˆ
)
+ (32)
−
[
t
(
1
Fγ
(Fkvk0 + Flvl0)−
Flxk0
κˆ
+
Fkxl0
κˆ
)
+
2F 2k κˆ
2
F 3γm
+
+
1
Fγ
(
2F 2l κˆ
2
F 2γm
+
Flκˆvk0
Fγ
−
Fkκˆvl0
Fγ
+ 2(Fkxk0 + Flxl0)
)]
· cos
(
Fγt
κˆ
)
,
where xa0 and va0 (a = k, l) denote initial positions and velocities, respectively. The
corresponding trajectories are illustrated on Figure 1 for different values of parameter
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(0, 0, 0)
xl
xk
xγ
κˆ = κˆ0
(0, 0, 0)
xl
xk
xγ
κˆ = κˆ0/2
(0, 0, 0)
xl
xk
xγ
κˆ = κˆ0/4
(0, 0, 0)
xl
xk
xγ
κˆ = κˆ0/8
Figure 1: The illustration of particle trajectories for different values of parameter κˆ (κˆ0 =
30) with nonzero value of m, Fγ and vl0 only. The dashed line corresponds to undeformed
case (κˆ =∞), and the time parameter runs from 0 to 4piκˆ0
Fγ
.
κˆ. Their shape indicates that particle moves in γ-direction along vortex line with period
T = 2piκˆ
Fγ
. Using the solutions (30)-(32) one can also check that distance between two
neighboring rolls of vortex in (k,l)-plane is given by
∆r = 2π
√(
−xk0 +
vl0κˆ
Fγ
−
Fkκˆ2
F 2γm
)2
+
(
xl0 +
vk0κˆ
Fγ
+
Flκˆ2
F 2γm
)2
. (33)
Besides, it should be noted that for both components Fk, Fl and all initial constants equal
zero, the distance ∆r vanishes, i.e. particle moves along straight line in γ-direction with
constant acceleration aγ =
Fγ
2m
. Of course, for parameter κˆ = ∞, the solutions (30)-(32)
become undeformed and describe the motion of classical particle in constant force ~F .
4 Quadratic noncommutativity
Let us now consider the most complicated type of noncommutativity, i.e. the quadratic
deformation of classical space [35] (see also [45])
{ xk, xγ } =
1
κ¯
txl , { xl, xγ } = −
1
κ¯
txk , { xk, xl } = 0 , (34)
with dimensionfull parameter κ¯ ([ κ¯ ] = N · s2); indices k, l, γ are different and fixed. Its
relativistic counterpart has been proposed in [41] and [44].
The remaining phase space relations are given by
{ pk, xγ } =
1
κ¯
tpl , { pl, xγ } = −
1
κ¯
tpk , { xi, pj } = δij ,
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{ xγ , pγ } = 1 , { pa, pb } = 0 ,
with i, j 6= γ and a, b = 1, 2, 3. They satisfy the Jacobi identity together with (34).
One can check that corresponding equations of motion take the form
x˙k =
pk
m
+ txl
1
κ¯
∂V
∂xγ
, p˙k = tpl
1
κ¯
∂V
∂xγ
−
∂V
∂xk
, (35)
x˙l =
pl
m
− txk
1
κ¯
∂V
∂xγ
, p˙l = −
∂V
∂xl
− tpk
1
κ¯
∂V
∂xγ
, (36)
in k, l-directions, and
x˙γ =
pγ
m
− txl
1
κ¯
∂V
∂xk
+ txk
1
κ¯
∂V
∂xl
, p˙γ = −
∂V
∂xγ
, (37)
in γ-direction.
By direct calculation one can also find the corresponding Newton equations, which look
as follows
mx¨k = −
∂V
∂xk
+ txl
m
κ¯
d
dt
(
∂V
∂xγ
)
+ (2tx˙l + xl)
m
κ¯
∂V
∂xγ
+
+ t2xk
1
mκ¯2
(
∂V
∂xγ
)2
, (38)
mx¨l = −
∂V
∂xl
− txk
m
κ¯
d
dt
(
∂V
∂xγ
)
− (2tx˙k + xk)
m
κ¯
∂V
∂xγ
+
+ t2xl
1
mκ¯2
(
∂V
∂xγ
)2
, (39)
mx¨γ = −
∂V
∂xγ
− txl
m
κ¯
d
dt
(
∂V
∂xk
)
− (tx˙l + xl)
m
κ¯
∂V
∂xk
+
+ txk
m
κ¯
d
dt
(
∂V
∂xl
)
+ (tx˙k + xk)
m
κ¯
∂V
∂xl
. (40)
Obviously, for the potential (12) the set of equations of motion takes the form

mx¨k = Fk −
m
κ¯
Fγ
(
xl −
1
κ¯
Fγt
2xk
)
−
2m
κ¯
Fγtx˙l
mx¨l = Fl +
m
κ¯
Fγ
(
xk +
1
κ¯
Fγt
2xl
)
+
2m
κ¯
Fγtx˙k
mx¨γ = Fγ +
m
κ¯
Fk (tx˙l + xl)−
m
κ¯
Fl (tx˙k + xk) .
(41)
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We see that as in the Lie-algebraic case, the quadratic noncommutativity generates the
velocity and position-dependent forces, but this time, with time dependent coefficients
linear and quadratic in time t.
By direct calculation we get the solutions
xk(t) = Ak(t) cos
(
Fγt
2
2κ¯
)
− Al(t) sin
(
Fγt
2
2κ¯
)
, (42)
xl(t) = Ak(t) sin
(
Fγt
2
2κ¯
)
+ Al(t) cos
(
Fγt
2
2κ¯
)
, (43)
xγ(t) =
Fγ
2m
t2 + vγ0t + xγ0 +
1
κ¯
∫ t
0
(zxl(z)Fk − zxk(z)Fl) dz , (44)
where the coefficients Ak(t) and Al(t) are given by
Ak(t) = xk0 + vk0t+
Fkκ¯
mFγ
[
πt
√
Fγ
πκ¯
C
(
t
√
Fγ
πκ¯
)
− sin
(
Fγt
2
2κ¯
)]
+
+
Flκ¯
mFγ
[
cos
(
Fγt
2
2κ¯
)
− 1 + πt
√
Fγ
πκ¯
S
(
t
√
Fγ
πκ¯
)]
, (45)
Al(t) = xl0 + vl0t +
Flκ¯
mFγ
[
πt
√
Fγ
πκ¯
C
(
t
√
Fγ
πκ¯
)
− sin
(
Fγt
2
2κ¯
)]
+
−
Fkκ¯
mFγ
[
cos
(
Fγt
2
2κ¯
)
− 1 + πt
√
Fγ
πκ¯
S
(
t
√
Fγ
πκ¯
)]
, (46)
and the functions C(z), S(z) are defined as follows
C(z) =
∫ z
0
cos
(
πt2
2
)
dt , S(z) =
∫ z
0
sin
(
πt2
2
)
dt . (47)
The corresponding trajectories for different values of parameter κ¯ are illustrated on Figure
2. Of course, for deformation parameter approaching infinity, the above solution becomes
undeformed and describes the classical particle in a field of constant force.
5 Final remarks
In this article we investigate properties of simple classical system in the presence of three
known noncommutative manifolds: canonical, Lie-algebraic and quadratic space-times.
We indicate that there are no dynamical effects for soft type of deformation, while for
the Lie-algebraic and quadratic noncommutativities there appear additional velocity and
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(0, 0, 0)
xl
xk
xγ
κ¯ = κ¯0
(0, 0, 0)
xl
xk
xγ
κ¯ = κ¯0/2
(0, 0, 0)
xl
xk
xγ
κ¯ = κ¯0/4
(0, 0, 0)
xl
xk
xγ
κ¯ = κ¯0/8
Figure 2: The illustration of particle trajectories for different values of parameter κ¯ (κ¯0 =
30) with nonzero value of m, Fγ and vl0 only. The dashed line corresponds to undeformed
case (κ¯ =∞), and the time parameter runs from 0 to 2
√
2piκ¯0
Fγ
.
position-dependent forces. The solutions of corresponding Newton equations are provided
and analyzed in this paper.
The present studies can be extended in various way. First of all, one can consider
more complicated system like the particle in a presence of well-known harmonic oscillator
potential - see e.g. [5]. Unfortunately, due to the complicated form of the Newton
equations (26)-(28) and (38)-(40) such question appears highly nontrivial and is postponed
for subsequent investigations mainly. It is also interesting to consider basic quantum
systems in noncommutative space as for example the particle in a hole potential, and find
their spectra in the presence of all considered deformations (see e.g. [22]). Finally, one can
extend the presented studies to the case of deformed relativistic particle at the classical
and quantum level (see [6], [9], [11]). The investigations in these directions already started
and are in progress.
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